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Abstract 

We use the Gazeau-Klauder formalsim to construct coherent states of non-Hcrmitian quantum sys- 
tems. In particular we use this formahsm to construct coherent state of a VT symmetric system. We 
also describe the construction of coherent states following Klauder's minimal prescription. 
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1 Introduction 



In recent years non-Hermitian quantum mechanics have been extensively studied from various stand 
points 1 . Among the different non-Hermitian systems, there is a class of problems which are VT 
invariant, V and T being the parity and time reversal operator respectively and it was shown that some 
of the non-Hermitian VT symmetric problems admit real eigenvalues f^. Subsequently it was pointed 
out that the reality of the spectrum is essentially due to 77-pseudo Hermiticity Interestingly some 
of the 77-pseudo-Hermitian systems are also VT symmetric. Because of this property and also because 
of their intrinsic interest VT symmetric and 77-pseudo-Hermitian potentials have been examined widely 
dlS]. 

On the other hand coherent states play an important role in the context of Hermitian quantum mechan- 
ics [H] . Recently the concept of coherent states was also introduced to VT symmetric quantum mechanics 
[Jj- However, as in Hermitian models, coherent states corresponding to arbitrary non-Hermitian poten- 
tials are not easy to construct. This is mainly due to the fact that symmetry of the problem i.e, a 
knowledge of the ladder operators may not always be known. This difficulty can however be overcome 
by using the Gazeau-Klauder (GK) approach jj]. Recently Klauder 9 has suggested a set of require- 
ments which a coherent state should satisfy and he proposed a method of constructing coherent states 
for solvable potentials. This method is simple and has been applied succesfuUy to a number of exactly 
solvable Hermitian potentials with discrete jJOl a-s well as continuous spectrum [5]. Here our objective 
is to show that with an appropriately chosen inner product the GK formalism can also be extended to 
non-Hermitian potentials. In particular we shall use this technique to construct coherent states of the 
VT symmetric Scarf I potential. We shall also construct coherent states of the same potential satisfying 
a minimal set of requirements. 



2 Some results on VT symmetric systems 

Let us consider a Hamiltonian H such that 

Hlpnix) = EnTpnix) = UJenTpn, 60 = (1) 

Then H is said to be VT symmetric if 

H = VTHVT (2) 

where 

V : X ^ —X, p —p 
T : X X, p ^ —p, i —i 

Furthermore, if in addition to ^ the wave functions are also VT invariant i.e, 

VT^Jjn = ±^n (4) 

then VT symmetry is said to be unbroken. On the other hand if the Hamiltonian is VT invariant while 
the wave functions are not, then VT symmetry is said to be spontaneously broken. It may be noted 
that systems with spontaneously broken VT symmetry are characterised by complex conjugate pair of 
eigenvalues. Here we shall only consider systems with unbroken VT symmetry. 

A major difference between the non-Hermitian theories and the Hermitian ones lies in the definition 
of inner product. In the case of VT symmetric systems neither the standard definition of inner product 
nor the straightforward generalisation, namely, 

ii^mli^nf^ ^ /[pr^jV;„dx = (-1)"5„„ (5) 
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work because the norm becomes negative for some of the states. Consequently a modification is necessary 
so that the norm is always positive. Indeed it has been shown that for 77-pseudo-Hermitian quantum 
mechanics it is possible to define an inner product which is positive definite i.e, the Hamiltonian is 
Hermitian with respect to that inner product jH]. For VT symmetric cases a convenient option is to use 
the CPT norm. For VT symmetric theories with unbroken VT symmetry the CVT inner product is 
defined by jTJ 

(V'mlV'n)'^'^^ = / [C'PTll}m]ll)ndx = 5mn (6) 



where C is called the charge operator and is defined by [TT] 

oo 

C(a;,2/) = ^'0n(a;)V'n(2/) (7) 
The action of the charge operator on the eigenfunctions is given by 

C^^{x) = / C(x, y)^n{y)dv - i-lTM^) (8) 



Another property which would be very useful later is the completeness of eigenfunctions. In coordinate 
space the completeness property can be expressed in terms of the charge operator as 

oo oo 

M^)[CVTi^n{y)] = 5](-l)"Vn(2;)V«(y) = 5{x - y) (9) 

n=0 n=0 

3 GK formalism for VT symmetric systems 

It is known that coherent states can be constructed using different techniques (e.g, a coherent state may 
be defined as a minimum uncertainty state, annihilation operator eigenstate etc) and usually they have 
different properties. In the GK formalism a coherent state should satisfy the following criteria (SJ: 

1 . Continuity of labelling 

2. Temporal stability 

3. Resolution of Identity 

4. Action identity 

For VT symmetric systems a GK coherent state is a two parameter state defined by |H1 El 

V'(a;; J,7) = — ^^7=2^ 1= i^n{x) (10) 

where J > and —oo < 7 < +00 are two parameters and ipn(x) are the eigenstates. In (jl()|l . p„ are a set 
of numbers defined as 

n 

Po = 1 , Pn = Jl (11) 

i=l 

It is now necessary to determine the normalisation constant M{J). Now using the CVT inner product 
© the normalisation constant M{J) can be obtained from the condition ('(/'(a;; J, 7)|'(/'(a;; ^,7)) = 1: 

J\f[j)^\^— , 0<J<i?= lim (p„)^ (12) 

— ' p„ n^oo 
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Let us now examine whether or not the coherent states (|1(JII satisfy the criteria mentioned above. From 
the construction it is clear that the coherent states are continuous in their labels i.e, {J, 7) (J', 7') => 
ipix; J,"f,x) ip{x] J', 7'). It may also be noted that although H is not Hermitian, the time evolution 
operator is still given by e~'^*. Using (Q) and ifTUI) the pseudo unitary time evolution is found to be 



V'lx; J,7) = J,7 + (13) 

From we find that the GK coherent states are temporally stable. We now show that the coherent 
state also admits a resolution of unity: 

1 r°° 

Jdfi{j,J)[CVTi;{y;J,j)]f{J)^{x;J,-f) = lirn^— / d^j [CVTi;{y; J,j)]^P{x; J,j) f{J) dJ 



r 



f2^^^r^-^y)M^Uj^§\dj = six-y) 



Pn J M{J) 



if the following moment problem has a solution: 



(14) 



Thus we find that the GK coherent state for VT symmetric systems provide a resolution of unity subject 
to the solution of the moment problem (|15|l . 

We now proceed to check the action identity. Using 112|l it can be easily cheked that 

.CPT 1 J(n+m)/2e-n(e„-e,„)^g^ 



A/ (J) ^„ JPrnPn 

1 °o 7-(n+m)/2 -i7(e„-e,„) 

V — ^(-i)"+'"5™„ = ^j 



(16) 



-^(J) ^„ JPniPn 
^ ' m.n—0 V 



SO that the criteria (4) is also satisfied. Thus the coherent state HlOjl satisfy all the criteria (1) — (4). 
It may be noted the construction ultimately boils down to a solution of the moment problem ifT^ . 



4 GK coherent states for VT symmetric Scarf I potential 

As an example we shall now construct GK coherent state of an exactly solvable VT symmetric potential. 
Thus we consider the VT symmetric Scarf I potential II HI ITl] . The Schrodinger equation is given by 



l/jn = Enlpn 



(17) 



where the potential V{x) is given by 
2(a2 + /32) - 1 1 



Vix) 



(a2-/32) (a + 13+ If 



cos-^(x) 



cos'^{x) 



[--,-] (18) 



where a and f3 are complex parameters such that (3* — a and an > ^. The eigenvalues and the 
corresponding eigenfunctions are given by ^1 El 



En — LOCn = niji + 2aB. + 1), n = 0, 1, 2, 



(19) 
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i/,„(a;) = iV„ (1 - sma;)^ + 3(l + sinx)^ + ^ Pj-"'^\sinx) (20) 

where Nn denotes the normahsation constant and P^'^'''-' are Jacobi polynomials jlSj. It may be noted 
that the Hamiltonian is VT symmetric as well as 7^-pseudo-Hermitian: 



H = VTHVT 



(21) 



Also the wave functions are VT invariant: 

VTiJj„{x)^i^n{x) (22) 

and they satisfy the relation 

J [CVTij,riix)]i^nix)dx = 6,nn (23) 

In this case 

T(n+l)T(n + iy+l) , . 

e„ = n[n + , Po = 1 , Pn = 7^7 — r~n , R = 00 (24) 

where — 2a ji + 1. 

Thus the GK coherent state for the Scaf I potential (in the coordinate representation) is given by 

tfj{x;J,j) = ^==}^ 1= V-n X (25) 

where ipnix) and p„ are given by H20|l and ()24fl respectively. From H12|l the normalisation constant is 
found to be 

AA(j)= r(^ + i)^ 



J-''/^r{iy + l)I^{2Vj) (26) 



where I,^{x) stands for the Bessel function of the first kind |15| . 

It is now necessary to show that the moment problem p5|l has a solution. Using the relation ^S] 

xt'Ks{ax)dx = 2^-ia-^-ir T , i?e(/x + 1 ± (5) > 0, Re{a) > (27) 

we find that 

/(J) = -I^{2VJ)K^(2Vj) > (28) 
provides a solution to the moment problem (|15|l . Now it can be shown that 

Jdfi{J,^)[CVTyj{y-J,j)]f{J)^{x;J,j) = ^/ dj dJ N{J)-^^{x- Jn)[CVT^P{y; J,i)] 



= ^(-l)"V«(a:)V'„(2/) = '5(x-2/) 

(29) 

Thus the coherent state provide a resolution of unity. It can now be easily shown that the states (I25|l 
have many other properties characteristic of coherent states e.g they are non orthogonal: 

y/Af{J)Af{J') ^{n + l)T{n + + 1) 

From the above example it is thus clear that subject to the solution of the moment problem (|15|l . it is 
possible to construct GK coherent states of any exactly solvable VT symmetric or 7/-pseudo-Hermitian 
potential with real spectrum. 
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4.1 Minimal coherent state for non Hermitian potentials 

In the last section we considered coherent states satisfying four conditions. However, if we relax conditions 
(2) and (4) and construct coherent states following Klauder's minimal prescription ^S], then a wider class 
of such states can be generated In this case a coherent state is required to satisfy two of the four 
criteria, namely, (1) Continuity in labelling and, (2) Resolution of identity, mentioned earlier. Thus a 
coherent state corresponding to H18|) is defined as 

1 ^ on 

where /3 = re** is a complex number and tpn{x) are given by (|2()|l . Here pn are a set of positive con- 
stants which would be specified later. The normalisation constant is determined from the condition 
{ip{x; P)\'ip{x; (3)) — 1 and is given by 



r!=0 

Clearly (3 ^ (5' ^ fpix; 13) il'ix; (3') i.e, the coherent state ()31f) is continuous in the label. Furthermore 



= (32) 



^ Pn Jo ^f{r) 



n=0 



Thus H31|) admits resolution of unity if the positive constants p„ are such that the Stieltjes moment 
problem H15|) has a solution i.e. 



„2«+i fjr) 



In a recent work ^ solutions to such moment problems for a number of different forms of p„ have been 
found by using Mellin transform technique. Here we consider a simple example and take p{n) = r(2n+ 1). 
In this case we find from (|32|l 

Af(r) = cosh{r) (35) 

Now using the result 
/(r) is found to be 
Since f{r) > 0, the coherent state 



f 

Jo 



a;2"e~^cia; = r(2n + 1) (36) 



fir) - 1^— (37) 



1 on 

^(x;/3) ^ V M^) (38) 

y/cosh{r) ^ y/T{2n + 1) 

with ipn{x) are given by H2()|l . admits a resolution of identity. Also it can be shown that overlap between 
two coherent states is 

■\/ coshyr )cosh{r) 

Thus H38|l furnishes a new coherent state of the VT symmetric Scarf I potential. We note that in contrast 
to the GK coherent state (|25|l . the minimal coherent state (j^SII is not temporally stable. 
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5 Conclusion 



Here it has been shown that by suitably modifying the normahsation procedure, it is possible to extend 
the GK formalism to non-Hcrmitian systems. Furthermore new families of coherent states may also be 
constructed following Klauder's minimal prescription. One such state with pn ~ T{2n + 1) has been 
constructed here. Finally we note that the construction of coherent states outlined here may also be 
extended to ?7-pseudo Hermitian systems which are not necessarily VT symmetric |18| . 
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